A new approach for reconstruction of 3D surfaces from 2D cross-sectional contours is presented. By using the so-called "Equal Importance Criterion," we reconstruct the surface based on the assumption that every point in the region contributes equally to the surface reconstruction process. In this context, the problem is formulated in terms of a partial differential equation (PDE), and we show that the solution for dense contours can be efficiently derived from distance transform. In the case of sparse contours, we add a regularization term to insure smoothness in surface recovery. The proposed technique allows for surface recovery at any desired resolution. The main advantage of the proposed method is that inherent problems due to correspondence, tiling, and branching are avoided. Furthermore, the computed high resolution surface is better represented for subsequent geometric analysis. We present results on both synthetic and real data.
Introduction
The problem of reconstructing a 3D surface from a set of 2D cross sectional contours is an important one in diverse scientific fields. For example, C T and MRI techniques can provide dense serial section representation of electron density and water molecule concentration at different locations along a particular axis. Similarly, in confocal microscopy, cross sections are obtained by focusing the optical system at specific locations along the z axis. This type of data defines the intersections of the object surface with a plane along a desired orientation. We plan to utilize these cross sections and recover the 3D surfaces of the object for visualization as well as geometric analysis.
The main idea behind existing techniques is to use small triangles to connect contours in adjacent sections. This approach leads to three sources of ambiguities: (1) correspondence, (2) tiling, and (3) branching problems. The correspondence problem involves finding the correct connection between adjacent contours [4, 6, 7 , 18, 241. The tiling problem involves utilizing slice chords for constructing triangles in the regions between contours [13, 11, 23, 8, 12, 51 . The *This work is supported by the Director, Office of Energy Research Office of computation and Technology Research, Mathematical, dformation, and Computational Sciences Division of the U. S.
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with the University of California. The LBNL publication number is 421 63. E-mail: gcong@george.lbl.gov or parvinOgeorge.lbl.gov main issue being how to find optimal tiling and how to account for topological changes. The branching problem occurs when a contour in one slice can correspond to more than one contour in an adjacent slice, e.g., bifurcation in the 3D shape [14, 18, 8, 51 . Most of the existing techniques focus (at most) on resolving one or two of these problems.
In this paper, we treat the problem in a entirely new way by computing every point on the surface directly. This is based on representing the problem as a partial differential equation followed by a simple linear solution for dense contours and a regularized solution for sparse contours. In this sense, we can compute the coordinates of every point on the surface to construct a high resolution map of the 3D data of which the 0 value isosurface corresponds to the object surface. Isosurfaces have the advantage that subsequent geometric analysis of the object can be easily carried out [19, 201 . As a result, our solution naturally avoids the correspondence, tiling, and branching problems in favor of a more robust solution. The underlying constraint is based on the Equal Importance Criterion (EIC), which suggests that all points contribute equally to the shape reconstruction process. Formally, the constraint states that surface height decreases linearly along the trajectory of its gradient, and as a result, the problem reduces to solving a PDE. This PDE has a simple linear solution for dense contours. However, a regularized approach is needed for sparse contours. Experimental results on both synthetic and contours obtained from real images are included. In R(C1, Cz), we want t o construct a surface f ( z , y ) such that, say, f(C1) = 1 , f ( C 2 ) = 2. Obviously in the absence of any constraints, infinitely many solutions exist. To constrain the problem, we assert that every point i n R ( C 1 , Cz) is equally important and contributes similarly t o the reconstruction process. A n y other assumption means that we know something about the surface. We call this the Equal Importance Criterion. This constraint is formalized by requiring that the change in the gradient-magnitude along the gradient direction should be zero, that is:
Preliminary definition
where of indicates the gradient of f, 1 1 the norm and .
the inner product. T h e above PDE implies that along each trajectory of the gradient of the surface, the magnitude of the gradient is a constant. In another words, the height decreases linearly from 2 to 1. Thus, in view of height, which is our only clue about the surface, all points are equally important to us. 3 1 can be reduced to:
where subscript indicates derivative, such as f z = 2, f x u = &. Thus, the problem becomes:
(5) Equation (4) is called the "Infinity Laplacian" (see Appendix A , which has been studied in the literature I, 2, 3 , 101. Equation (4) has several important properties 121. These are:
1. There is at most one solution of the Dirichlet's problem for f , which may not be a smooth solution for any C1 and C Z . But if we redefine the "solution" in a suitable weak sense, then a solution does exist.
2. T h e trajectory of the vector field for of is either a convex curve or a straight line, and the solution is infinitely differentiable with convex curves.
Surface reconstruction
The proposed shape reconstruction, from cross sections, has several advantages: 1. The correspondence, tiling, and branching problems have been eliminated, and as we will see later, an efficient solution can be easily obtained.
2. T h e distance between C1 and Cz in the z direction is no longer important because it only changes the solution by a scale. 3 . The surface is smooth at most locations because a weak solution is guaranteed. Furthermore, at a singular point-if it exists-the surface is a t least continuous to c 1 . In the rest of this section, we outline the details of solution to Equation (5) and show how it can be extended to other types of contours as well.
Solving the PDE
Many numerical methods can be used to solve Equation ( 5 ) , and at least a weak solution is guaranteed. However, we show that a more straightforward and efficient approximation possible. 
Isosurface construction
The .3D isosurface representation, 4 (~, y , z ) , 1 5 z 5 2 , can now be expressed as:
This isosurface 4 (~, y , z ) = 0 is: which is exactly the surface that we reconstructed in 
Extension to multiple contours
The proposed method can be applied iteratively to every pair of adjacent contours C,, C,+1, i = 1, ..., m, -1 for constructing a series of subsurfaces s,. These subsurfaces Si, i = 1, ..., m -1 form the whole surface, na.mely S = U, S,. Suppose that we want. a rcsolution of n < 1, say 0.1, along the z direction, then reconstruction should include between each pair of adjacent contours Z -1 new slices with Z = $( a integer Z is expected). T h e following algorithm produces the 3D data d (z, y, z ) , z = 1 
End of i loop.
End of the algorzthm. Even for traditional shape recovery from cross-sectional-contours methods, some post processing(smoothing) is essential to make the reconstructed surface smoother. In our method, if the C,s are considerably apart from each other in the x ! y plane, then the surface may be not smooth on the contour locations. T h e simplest way to smooth the surface is to convolve 4 ( x , y , z ) with a 3D Gaussian filter with small scale. Since Gaussian is infinitely differentiable, the smoothed data, and t,hus the isosurface, is infinitely continuous.
The experimental results are presented in Figure 7 and Figure 8 . We do not perform post-smoot.hing in t,hese experiments. Figure 7 shows the surface reconst,ructed from real C T data. The original C T data is 64 x 64 a t 64 slices, in which the contours correspond to the surface of the bone. We sample the original data along the z direction, at different rates, to form a volume representation that includes 3 2 , 21, and 16 slices respectively. These contours are then used for surface reconstruction and interpolation in order to construct the original data set for comparison. Figure 7 (c), (d), and (e) are the reconstructed bone surfaces. Figure  8 shows another reconstruction example from segment,ed magnetic resonance images of a patient with edema. Segmentation was performed using a Bayesian model and iterative conditioning mode algorithm. For an earlier version of this work, see [21] . This figure shows the whit,e matter corresponding to the cerebral cortex, as well as damaged area due to edema. This original data included 68 slices, and two new slices have been reconstructed from each pair of adjacent slices.
4.4
The result indicates t,hat the proposed technique-a simple linear interpolation-behaves well for dense contours. However, linear interpolation as well as triangulation techniques produce discontinuities for sparse contour representation. This kind of data is often generated in fringes obtained from optical or microwave interferometry [9) 16, 15, 171, and previous methods generate discontinuities along the surface of the object, as shown in Figure  9 (a) and (b). Thus, a more elaborate method to treat this problem is needed. Here, we only consider the situation in which C,+1 is totally enclosed by C; for i = 1, ..., m -1.
We thus seek a solution for the following problem 
We can use an iterative approach to find the f that minimizes (9):
where U is the step size, ' U indicates the iteration number and Sf is the variation o f f :
where derivatives of F are defined as:
Sf is set to zero when of = 0, indicating 
4.5
Thus far, we applied our approach to cross sections obtained along the z axis. Other types of 3D cross sections, as shown in Figure 12 (a), can be defined as the intersections of the surface S with serial of planes along its spine.
In this case, we can forward project the 3D contours to a new coordinate, shown in Figure 12b , reconstruct the surface, and then back-project the surface to its initial coordinate system. surface.
revolution. Suppose we rotate a 3D object along a fixed axis and record the cross section perpendicular to each viewing direction. In this case, the contours are the intersections of the S with a serial of planes rotated along the axis. We can first reconstruct an object by treating the cross sections as if they were in the z direction and then arrange the reconstructed object properly according to the rotating angles.
Conclusion
Shape from cross sections is an important problem in diverse fields of science, and it has been studied extensively. However, most (if not all) of these methods suffer from correspondence, tiling, and branching problems. Furthermore, previous solutions have been limited to variants of triangulation that are scale dependent, with unpredictable behavior near the saddle points. T h e novelty of the pro- posed method is its unique smoothness measure, the corresponding PDE, and its simple solution based on distance transform. We showed that a linear solution provides an adequate representation of dense contours. In the case of sparse contour, we augmented our approach with a regularized solution to minimize the changes of the gradient.
We have tested and verified our approach on data with different degrees of complexities, ranging from simple geometric features to complex and convoluted structure of cortex. 
A

